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Homology forests revisited

σ1: ACT

20 CHAPTER 1. THE TREES OF LIFE

via the opposite strand. Although these assumptions are violated, the se-
quences that result from these assumed scenarios are indistinguishable from
those that occur naturally.

Homology forests

We now formally define the notion of a homology forest, which represents all
evolutionary relationships between nucleotide positions. We use the notation
σi

j,ε to denote the jth element of a sequence σi = σi
1, . . . ,σ

i
ni

of length ni if
ε = +, and the complement if ε = −. Let Sσi = {(i, j, +) : j ∈ {1, . . . , ni}}.
Given k sequences {σ1, . . . ,σk}, a position in any given sequence is an el-
ement in Sσ1,...,σk = ∪k

i=1Sσi . Note that |Sσ1,...,σk | = n1 + n2 · · · + nk. We
similarly define Sσi = {(i, j,−) : j ∈ {1, . . . , ni}} and Sσ1,...,σk = ∪k

i=1Sσi .

Definition 1.16 Given a set of sequence characters S, a homology forest,
F is a forest with leaves labeled by S ∪ S and with at most one of (i, j, +)
or (i, j,−) used as a leaf label, ∀i, j. A phylogenetic X-tree in F represents
the evolutionary history of a set of homologous sequence characters {σi

j,ε :
(i, j, ε) ∈ X}. The elements of X are said to be aligned.

Given a set of sequences, the multiple alignment problem consists of
constructing the homology forest for those sequences. In order to do so we
need to model the types of events described in Section 1.

Notes
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Set of positions in all sequences (reverse strand)

forest with leaves labeled by S ∪ S̄,
with # occurrences of label (i, j, +) + # occurrences of label (i, j,−) ≤ 1
homology forest:

σ2: AGT

σ3: TGT
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Alignments today

• Just matching of homologous positions

• No trees, or trees are afterthought

• Homology sets = columns in alignment

CA-GC--TACGGCTTA-GCCT
TA-CCACTAC--CTGA-GCAT
CA-GCAGTTC--CTTA-GCCT
CA-GC--TACCGCTGA-ACAT
CATGCAGTTC--CTTACACCT homologous
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Alignments we’ve seen

• Motif finding

• Local multiple alignment

• May or may not be actually homologous

• No trees
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Order in alignments

• Homology forests do not deal with order of 
nucleotides in either extant or ancestral 
species

• However, order is very important for

• Determining homologous positions

• Representing and visualizing homology
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Global alignment

• Given k homologous sequences

• Assumes sequences are all colinear:

• Homologous positions occur in the same 
order in each sequence
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Partially ordered set

• A partially ordered set (poset) is a 
set P together with a relation ≤ with the 
following properties (for all x, y, z in P):

• reflexivity: x ≤ x

• antisymmetry: If x ≤ y and y ≤ x, then x = y

• transitivity: If x ≤ y and y ≤ z, then x ≤ z
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Morning tasks poset

• P = {wake up, brush hair, shower, leave for 
school, drink coffee, eat breakfast, pack bag, 
brush teeth}

• x ≤ y if task y may not be done before task x

• shower ≤ brush hair

• eat breakfast ≤ brush teeth

• shower ≤ leave for school

• etc.

≤
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Hasse diagram

• Line upward from x to y if x ≤ y and there is 
no z ∈ P such that x ≤ z ≤ y

wake up

eat breakfastdrink coffee

leave for school

brush hairbrush teethpack bag

shower
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Partial global multiple alignment

• c1, ... , cm : columns in multiple alignment

• P : the “alignment poset”

• surjective: φ maps at least one sequence 
position to every column ci

• (i, j, ε): position j in sequence i on strand ε

A partial global multiple alignment of sequences σ1, . . . ,σk is a partially or-
dered set P = {c1, . . . , cm} together with a surjective function ϕ : Sσ1,...,σk → P
such that ϕ((i, j1, ε1)) ≤ ϕ((i, j2, ε2)) if j1 ≤ j2.
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Example alignment poset

• Unless we have a total order, the order of 
some columns is not specified (e.g., c5 and c1) 

σ1: ACT
σ2: AGT
σ3: TGT

(1,1,+) →c1

(1,2,+) →c2

(1,3,+) →c3

(2,1,+) →c1

(2,2,+) →c4

(2,3,+) →c3

(3,1,+) →c5

(3,2,+) →c4

(3,3,+) →c3

φ

c1 ≤ c2  ≤ c3 

c1 ≤ c4  ≤ c3

c5 ≤ c4  ≤ c3   

c1

A
A
-

c2

C
-
-

c3

T
T
T

c4

-
G
G

c5

-
-
T

one possible alignment:
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Extreme example: Null 
alignment

• Given sequences σ1, σ2, ... , σk of lengths n1, 
n2, ... , nk

• Null alignment: size of P is ∑ni

• Every position is mapped to a different 
column

ACT------
---AGT---
------TGT

------ACT
AGT------
---TGT---

A---CT---
-A-G--T--
--T----GT

or or or...
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Number of pairwise 
partial global alignments

22 CHAPTER 2. COMBINATORICS OF ALIGNMENTS

Figure 2.2: A set of four sequences, an alignment poset together with a
linear extension, and a global multiple alignment. The function from the
set of sequence elements to the alignment poset that specifies the multiple
alignment is not shown, but is fully specified by the diagram on the right.
For example, the second element in the first sequence is σ1

2 = G, and ϕ(σ1
2)

corresponds to the fourth column of the multiple alignment.

Example 2.2 Example of the Hasse diagram of a poset showing the order
in which chapters can be read in this book.

Definition 2.3 A partial global multiple alignment of sequences σ1, . . . ,σk

is a partially ordered set P = {c1, . . . , cm} together with a surjective function
ϕ : Sσ1,...,σk → P such that ϕ((i, j1, ε1)) < ϕ((i, j2, ε2)) if j1 < j2.

The elements of P correspond to columns of the multiple alignment, and
the partial order specifies the order in which columns must appear. We call
P an alignment poset, and note that unless P is a total order, there are
columns of the partial multiple alignment whose order is unspecified.

There is an important (trivial) case of a partial multiple alignment:

Example 2.4 (null alignment) A null multiple alignment of k sequences
σ1, . . . ,σk of lengths n1, . . . , nk is a partial global multiple alignment MNull

where the alignment poset P has size
∑

k nk. Note that in this case P must
be a disjoint union of k chains.

Proposition 2.5 The number of partial global alignments of two sequences
of length n and m is

(n+m
m

)
.

Proof: Note that the number of alignments with k homologous nucleotides
is given by

(n
k

)(m
k

)
. The total number of alignments is therefore

min(n,m)∑

k=0

(
n

k

)(
m

k

)
=

(
n + m

n

)
.

Exercise 2.6 Denote by N(n1, n2, n3) the number of partial global mul-
tiple alignments for three sequences of lengths n1, n2 and n3. Show that
N(n1, n2, n3) satisfies:

N(n1, n2, n3) = N(n1 − 1, n2, n3) + N(n1, n2 − 1, n3)
+N(n1, n2, n3 − 1)−N(n1 − 1, n2 − 1, n3 − 1).

2.2 Local and global alignments

In this section we use alignment posets to give precise definitions of what par-
tial global multiple alignments and global multiple alignments are. Global
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Linear extension

• A linear extension of a partially ordered 
set P = {c1, ... , cm} is a permutation π of the 
elements c1, ... , cm such that whenever ci ≤ cj, 
π(ci) ≤ π(cj)

• A global multiple alignment is a 
partial global multiple alignment along with a 
linear extension of the alignment poset

c1 ≤ c2  ≤ c3 

c1 ≤ c4  ≤ c3

c5 ≤ c4  ≤ c3   

c1

A
A
-

c2

C
-
-

c3

T
T
T

c4

-
G
G

c5

-
-
Tc1

c2

c3

c4

c5

linear extension
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Number of pairwise 
global alignments

• The number of pairwise global alignments of 
sequences of length n and m is the Delannoy 
number Dn,m

• Dn,m: number of lattice paths from (0,0) to 
(n,m) with allowed moves ↑,→, and➚

(0,0)

(n,m)

Dn,m =
min (n,m)∑

k=0

(
n

k

)(
m

k

)
2k
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Partial vs full alignments

• The number of 
possible partial 
alignments is very 
large

• The number of full 
alignments is even 
larger

n partial full

1 2 3

2 6 13

3 20 63

4 70 321

5 252 1,683

6 924 8,989

7 3,432 48,639

8 12,870 265,729

9 48,620 1,462,563

10 184,756 8,097,453

Number of pairwise alignments
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Representing full pairwise 
global alignments

• representations for pairwise alignment h, of 
sequences

• edit string h over edit alphabet {H, I, D}

• H: homology, I: insertion, D: deletion

• path in alignment graph

• sequence of pairs 

2.3. COMPARING ALIGNMENTS 23

multiple alignment, which is a linear extension of an alignment poset in
which sequences are not rearranged is the most strict. The section will work
towards this case starting with local alignment. however here one has to
be careful. For example, we may consider monotopoorthologous multiple
alignments etc...

Definition 2.7 A linear extension of a partially ordered set P = {c1, . . . , cm}
is a permutation of the elements c1, . . . , cm such that whenever ci < cj , i < j.

A global multiple alignment is a partial global multiple alignment together
with a linear extension of the alignment poset P (see Figure ??).

Exercise 2.8 Show that the number of global alignments is given by the
Delannoy numbers Dn,m where

Dn,m =
n∑

i=0

(
n

i

)(
m

i

)
2i.

2.3 Comparing alignments

The question we address in this section is how to determine the similarity
between alignments. We begin with an example of an alignment of two
protein sequences.

Example 2.9 The genes ??? in human and ??? both produce the protein
??? which does ??? and are homologous. The two protein structures are
shown in Figure ?? (Chapter 9). The alignment below is a structural align-
ment, i.e., it is based on a comparison of the structures of the two proteins.

BLAHBLAH-
--BLAHAHA

A number of metrics have been proposed for the set of global multiple
alignments.

Following the notation in [Schwartz and Pachter, 2007], an alignment of
a pair of sequences σ1 = σ1

1σ
1
2 · · ·σ1

n and σ2 = σ2
1σ

2
2 · · ·σ2

m can be represented
by an edit string h over the edit alphabet {H, I, D}, where H stands for
homology, I for insertion, and D for deletion. Equivalently, if An,m is the
set of all alignments of a sequence of length n to a sequence of length m,
and h ∈ An,m, then h can be represented by a path in the alignment graph,
or a sequence of pairs of the form (σ1

i " σ2
j ), (σ1 " −), or (σ2 " −) where the

symbol " is used to indicate the alignment of two characters. For h ∈ An,m

let

• hH = {(i, j) : (σ1
i " σ2

j ) ∈ h},

• hD = {i : (σ1
i " −) ∈ h},
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Comparing alignments

• Compare in terms of H, I, and D pairs:
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• hI = {j : (σ2
j ! −) ∈ h}.

Less formally, hH is the set of position pairs in σ1 and σ2 that are aligned
according to h, hD is the set of positions in σ1 that are gapped, and hD is
the set of positions in σ2 that are gapped. Note that for any h ∈ An,m

|hH | + |hD| = n and |hH | + |hI | = m. (2.1)

Two alignments are equivalent if they align the same character pairs, while
the order of insertions and deletions between any two consecutive aligned
pairs is redundant. We therefore define:

hi ∼ hj if and only if hi
H = hj

H∀h
i, hj ∈ An,m. (2.2)

Note that hi
H = hj

H if and only if hi
I = hj

I and hi
D = hj

D. We can therefore
use the following equivalent definition:

hi ∼ hj if and only if hi
I = hj

I and hi
D = hj

D

∀hi, hj ∈ An,m. (2.3)

We say that two alignments are distinct if they are not equivalent. The
number of distinct alignments is in bijection with lattice paths in the square
grid (proof omitted).

Given a predicted alignment hp and a reference alignment hr, the fD

and fM measures are defined:

f(hi, hj) =
|hi

H ∩ hj
H |

|hi
H |

(2.4)

fD(hp, hr) = f(hr, hp) =
|hr

H ∩ hp
H |

|hr
H | (2.5)

fM (hp, hr) = f(hp, hr) =
|hr

H ∩ hp
H |

|hp
H |

(2.6)

Note that both measures do not explicitly use the I and D characters in
hr and hp, and are not well defined when hr or hp do not include any H
characters.

A distance function between any two alignments hi, hj ∈ An,m is needed
in order to evaluate the quality of a predicted alignment given a reference
alignment. Such a distance function should satisfy:

d(hi, hj) ≥ 0 ∀hi, hj ∈ An,m, (2.7)

d(hi, hj) = 0 iff hi ∼ hj ∀hi, hj ∈ An,m, (2.8)

d(hi, hj) = d(hj , hi) ∀hi, hj ∈ An,m, (2.9)

d(hi, hj) + d(hj , hk) ≥ d(hi, hk) ∀hi, hj , hk ∈ An,m. (2.10)

24 CHAPTER 2. COMBINATORICS OF ALIGNMENTS

• hI = {j : (σ2
j ! −) ∈ h}.

Less formally, hH is the set of position pairs in σ1 and σ2 that are aligned
according to h, hD is the set of positions in σ1 that are gapped, and hD is
the set of positions in σ2 that are gapped. Note that for any h ∈ An,m

|hH | + |hD| = n and |hH | + |hI | = m. (2.1)

Two alignments are equivalent if they align the same character pairs, while
the order of insertions and deletions between any two consecutive aligned
pairs is redundant. We therefore define:

hi ∼ hj if and only if hi
H = hj

H∀h
i, hj ∈ An,m. (2.2)

Note that hi
H = hj

H if and only if hi
I = hj

I and hi
D = hj

D. We can therefore
use the following equivalent definition:

hi ∼ hj if and only if hi
I = hj

I and hi
D = hj

D

∀hi, hj ∈ An,m. (2.3)

We say that two alignments are distinct if they are not equivalent. The
number of distinct alignments is in bijection with lattice paths in the square
grid (proof omitted).

Given a predicted alignment hp and a reference alignment hr, the fD

and fM measures are defined:

f(hi, hj) =
|hi

H ∩ hj
H |

|hi
H |

(2.4)

fD(hp, hr) = f(hr, hp) =
|hr

H ∩ hp
H |

|hr
H | (2.5)

fM (hp, hr) = f(hp, hr) =
|hr

H ∩ hp
H |

|hp
H |

(2.6)

Note that both measures do not explicitly use the I and D characters in
hr and hp, and are not well defined when hr or hp do not include any H
characters.

A distance function between any two alignments hi, hj ∈ An,m is needed
in order to evaluate the quality of a predicted alignment given a reference
alignment. Such a distance function should satisfy:

d(hi, hj) ≥ 0 ∀hi, hj ∈ An,m, (2.7)

d(hi, hj) = 0 iff hi ∼ hj ∀hi, hj ∈ An,m, (2.8)

d(hi, hj) = d(hj , hi) ∀hi, hj ∈ An,m, (2.9)

d(hi, hj) + d(hj , hk) ≥ d(hi, hk) ∀hi, hj , hk ∈ An,m. (2.10)

24 CHAPTER 2. COMBINATORICS OF ALIGNMENTS

• hI = {j : (σ2
j ! −) ∈ h}.

Less formally, hH is the set of position pairs in σ1 and σ2 that are aligned
according to h, hD is the set of positions in σ1 that are gapped, and hD is
the set of positions in σ2 that are gapped. Note that for any h ∈ An,m

|hH | + |hD| = n and |hH | + |hI | = m. (2.1)

Two alignments are equivalent if they align the same character pairs, while
the order of insertions and deletions between any two consecutive aligned
pairs is redundant. We therefore define:

hi ∼ hj if and only if hi
H = hj

H∀h
i, hj ∈ An,m. (2.2)

Note that hi
H = hj

H if and only if hi
I = hj

I and hi
D = hj

D. We can therefore
use the following equivalent definition:

hi ∼ hj if and only if hi
I = hj

I and hi
D = hj

D

∀hi, hj ∈ An,m. (2.3)

We say that two alignments are distinct if they are not equivalent. The
number of distinct alignments is in bijection with lattice paths in the square
grid (proof omitted).

Given a predicted alignment hp and a reference alignment hr, the fD

and fM measures are defined:

f(hi, hj) =
|hi

H ∩ hj
H |

|hi
H |

(2.4)

fD(hp, hr) = f(hr, hp) =
|hr

H ∩ hp
H |

|hr
H | (2.5)

fM (hp, hr) = f(hp, hr) =
|hr

H ∩ hp
H |

|hp
H |

(2.6)

Note that both measures do not explicitly use the I and D characters in
hr and hp, and are not well defined when hr or hp do not include any H
characters.

A distance function between any two alignments hi, hj ∈ An,m is needed
in order to evaluate the quality of a predicted alignment given a reference
alignment. Such a distance function should satisfy:
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Alignment equivalence

• Alignments are defined to be equivalent if 
they match up the same sequence positions

• Equivalently, alignments are equivalent if they 
gap the same sequence positions
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AC-T
A-GT

A-CT
AG-T~
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Alignment measures

• Measures of sensitivity and specificity, with 
respect to a reference alignment
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d(hi, hj) = d(hj , hi) ∀hi, hj ∈ An,m, (2.9)

d(hi, hj) + d(hj , hk) ≥ d(hi, hk) ∀hi, hj , hk ∈ An,m. (2.10)

24 CHAPTER 2. COMBINATORICS OF ALIGNMENTS

• hI = {j : (σ2
j ! −) ∈ h}.
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according to h, hD is the set of positions in σ1 that are gapped, and hD is
the set of positions in σ2 that are gapped. Note that for any h ∈ An,m

|hH | + |hD| = n and |hH | + |hI | = m. (2.1)
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Note that both measures do not explicitly use the I and D characters in
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A distance function between any two alignments hi, hj ∈ An,m is needed
in order to evaluate the quality of a predicted alignment given a reference
alignment. Such a distance function should satisfy:

d(hi, hj) ≥ 0 ∀hi, hj ∈ An,m, (2.7)
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“developer’s measure”
 (sensitivity)

“modeler’s measure”
 (specificity)
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Distances between alignments

• Would like a distance function between 
alignments

• Should be a metric, i.e., it should satisfy:
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Alignment metric

• The following function is a finite metric on 
alignments:

2.3. COMPARING ALIGNMENTS 25

While these requirements are not satisfied by (2.4), they are satisfied by the
following:

d(hi, hj) = 2|hi
H | + |hi

I | + |hi
D|− 2|hi

H ∩ hj
H |

−|hi
I ∩ hj

I |− |hi
D ∩ hj

D|
= 2|hj

H | + |hj
I | + |hj

D|− 2|hi
H ∩ hj

H |
−|hi

I ∩ hj
I |− |hi

D ∩ hj
D|

= n + m− 2|hi
H ∩ hj

H |
−|hi

I ∩ hj
I |− |hi

D ∩ hj
D|). (2.11)

Proposition 2.10 d(hi, hj) is a finite metric for An,m.

Proof : It is easy to see that d(hi, hj) satisfies requirements (2.7), (2.8), and
(2.9). We need to show that it satisfies the triangle inequality (2.10). Let
Uij = 2|hi

H ∩ hj
H | + |hi

I ∩ hj
I | + |hi

D ∩ hj
D|, and Uijk = 2|hi

H ∩ hj
H ∩ hk

H | +
|hi

I ∩ hj
I ∩ hk

I | + |hi
D ∩ hj

D ∩ hk
D|. Using the fact that Uik − Uijk ≥ 0 and

Uij + Ujk − Uijk ≤ n + m, we have that d(hi, hj) + d(hj , hk) − d(hi, hk) =
n + m− Uij − Ujk + Uik = n + m− (Uij + Ujk − Uijk) + Uik − Uijk ≥ 0.

Example 2.11 (Metric for A2,2) By Proposition 2.5, there are six dis-
tinct alignments in A2,2. The metric is:

HH HDI DIH IHD DHI DDII
HH 0 2 2 4 4 4
HDI 2 0 4 3 3 2
DIH 2 4 0 3 3 2
IHD 4 3 3 0 4 2
DHI 4 3 3 4 0 2
DDII 4 2 2 2 2 0

Intuitively, the distance between two alignments is the total number of
characters from both sequences that are aligned differently in the two align-
ments. Alternatively, the quantity g(hi, hj) = 1 − d(hi,hj)

n+m is a convenient
similarity measure that can be interpreted as the fraction of characters that
are aligned the same in both alignments. We therefore define the Alignment
Metric Accuracy (AMA) of a predicted alignment hp given a reference align-
ment hr to be g(hp, hr). The intuitive motivation for this accuracy measure
is that it represents the fraction of characters in σ1 and σ2 that are correctly
aligned, either to another character or to a gap.

AMA can easily be extended to multiple sequence alignments (MSA) by
using the sum-of-pairs approach. Let An1,n2,...,nk be the space of all MSAs
of k sequences of lengths n1 to nk. Given two MSAs hi, hj ∈ An1,n2,...,nk ,

d(hi, hj) =
k−1∑

s1=1

k∑

s2>s1

d(hi
s1,s2 , h

j
s1,s2), (2.12)

(Schwartz & Pachter, 2007)
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Example alignment metric
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ment hr to be g(hp, hr). The intuitive motivation for this accuracy measure
is that it represents the fraction of characters in σ1 and σ2 that are correctly
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d(hi, hj) =
k−1∑
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n+m is a convenient
similarity measure that can be interpreted as the fraction of characters that
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is that it represents the fraction of characters in σ1 and σ2 that are correctly
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ments. Alternatively, the quantity g(hi, hj) = 1 − d(hi,hj)
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are aligned the same in both alignments. We therefore define the Alignment
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Alignment metric accuracy

• Instead of developer or modeler score, use 
score based on metric

• g is fraction of positions aligned identically in 
the two alignments

• Alignment Metric Accuracy (AMA) = 
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HH 0 2 2 4 4 4
HDI 2 0 4 3 3 2
DIH 2 4 0 3 3 2
IHD 4 3 3 0 4 2
DHI 4 3 3 4 0 2
DDII 4 2 2 2 2 0

Intuitively, the distance between two alignments is the total number of
characters from both sequences that are aligned differently in the two align-
ments. Alternatively, the quantity g(hi, hj) = 1 − d(hi,hj)

n+m is a convenient
similarity measure that can be interpreted as the fraction of characters that
are aligned the same in both alignments. We therefore define the Alignment
Metric Accuracy (AMA) of a predicted alignment hp given a reference align-
ment hr to be g(hp, hr). The intuitive motivation for this accuracy measure
is that it represents the fraction of characters in σ1 and σ2 that are correctly
aligned, either to another character or to a gap.

AMA can easily be extended to multiple sequence alignments (MSA) by
using the sum-of-pairs approach. Let An1,n2,...,nk be the space of all MSAs
of k sequences of lengths n1 to nk. Given two MSAs hi, hj ∈ An1,n2,...,nk ,
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Proposition 2.10 d(hi, hj) is a finite metric for An,m.
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Uij + Ujk − Uijk ≤ n + m, we have that d(hi, hj) + d(hj , hk) − d(hi, hk) =
n + m− Uij − Ujk + Uik = n + m− (Uij + Ujk − Uijk) + Uik − Uijk ≥ 0.

Example 2.11 (Metric for A2,2) By Proposition 2.5, there are six dis-
tinct alignments in A2,2. The metric is:

HH HDI DIH IHD DHI DDII
HH 0 2 2 4 4 4
HDI 2 0 4 3 3 2
DIH 2 4 0 3 3 2
IHD 4 3 3 0 4 2
DHI 4 3 3 4 0 2
DDII 4 2 2 2 2 0

Intuitively, the distance between two alignments is the total number of
characters from both sequences that are aligned differently in the two align-
ments. Alternatively, the quantity g(hi, hj) = 1 − d(hi,hj)

n+m is a convenient
similarity measure that can be interpreted as the fraction of characters that
are aligned the same in both alignments. We therefore define the Alignment
Metric Accuracy (AMA) of a predicted alignment hp given a reference align-
ment hr to be g(hp, hr). The intuitive motivation for this accuracy measure
is that it represents the fraction of characters in σ1 and σ2 that are correctly
aligned, either to another character or to a gap.

AMA can easily be extended to multiple sequence alignments (MSA) by
using the sum-of-pairs approach. Let An1,n2,...,nk be the space of all MSAs
of k sequences of lengths n1 to nk. Given two MSAs hi, hj ∈ An1,n2,...,nk ,

d(hi, hj) =
k−1∑

s1=1

k∑

s2>s1

d(hi
s1,s2 , h
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s1,s2), (2.12)

(Schwartz & Pachter, 2007)
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Multiple alignment accuracy

• All multiple alignments of sequences of 
lengths n1, n2, ... , nk: 

• Like sum-of-pairs scoring 

• Accuracy: 

2.3. COMPARING ALIGNMENTS 25

While these requirements are not satisfied by (2.4), they are satisfied by the
following:
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Proposition 2.10 d(hi, hj) is a finite metric for An,m.

Proof : It is easy to see that d(hi, hj) satisfies requirements (2.7), (2.8), and
(2.9). We need to show that it satisfies the triangle inequality (2.10). Let
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n + m− Uij − Ujk + Uik = n + m− (Uij + Ujk − Uijk) + Uik − Uijk ≥ 0.

Example 2.11 (Metric for A2,2) By Proposition 2.5, there are six dis-
tinct alignments in A2,2. The metric is:

HH HDI DIH IHD DHI DDII
HH 0 2 2 4 4 4
HDI 2 0 4 3 3 2
DIH 2 4 0 3 3 2
IHD 4 3 3 0 4 2
DHI 4 3 3 4 0 2
DDII 4 2 2 2 2 0

Intuitively, the distance between two alignments is the total number of
characters from both sequences that are aligned differently in the two align-
ments. Alternatively, the quantity g(hi, hj) = 1 − d(hi,hj)

n+m is a convenient
similarity measure that can be interpreted as the fraction of characters that
are aligned the same in both alignments. We therefore define the Alignment
Metric Accuracy (AMA) of a predicted alignment hp given a reference align-
ment hr to be g(hp, hr). The intuitive motivation for this accuracy measure
is that it represents the fraction of characters in σ1 and σ2 that are correctly
aligned, either to another character or to a gap.

AMA can easily be extended to multiple sequence alignments (MSA) by
using the sum-of-pairs approach. Let An1,n2,...,nk be the space of all MSAs
of k sequences of lengths n1 to nk. Given two MSAs hi, hj ∈ An1,n2,...,nk ,

d(hi, hj) =
k−1∑
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k∑

s2>s1
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HH 0 2 2 4 4 4
HDI 2 0 4 3 3 2
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Intuitively, the distance between two alignments is the total number of
characters from both sequences that are aligned differently in the two align-
ments. Alternatively, the quantity g(hi, hj) = 1 − d(hi,hj)

n+m is a convenient
similarity measure that can be interpreted as the fraction of characters that
are aligned the same in both alignments. We therefore define the Alignment
Metric Accuracy (AMA) of a predicted alignment hp given a reference align-
ment hr to be g(hp, hr). The intuitive motivation for this accuracy measure
is that it represents the fraction of characters in σ1 and σ2 that are correctly
aligned, either to another character or to a gap.

AMA can easily be extended to multiple sequence alignments (MSA) by
using the sum-of-pairs approach. Let An1,n2,...,nk be the space of all MSAs
of k sequences of lengths n1 to nk. Given two MSAs hi, hj ∈ An1,n2,...,nk ,
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where hi
s1,s2 is the pairwise alignment of sequences s1, s2 as projected from

the MSA hi with all-gap columns removed. The similarity of two MSAa is
defined to be

g(hp, hr) = 1− d(hp, hr)
(k − 1)

∑k
i=1 ni

. (2.13)

Unlike standard sum-of-pairs scoring, our definition follows from the re-
quirement that our accuracy measure should be based on a metric, and the
multiple AMA retains the desirable properties of the pairwise AMA.

Notes

Alignment posets were first introduced in [Morgenstern et al., 1999]. For
more on Delannoy numbers see [Banderier and Schwer, 2005] and for a gen-
eral discussion on the enumeration of alignments see [Dress et al., 1998]. A
similar representation using directed acyclic graphs instead of posets is used
by the Partial Order Alignment (POA) program [Lee et al., 2002], and has
also been used in the A-Bruijn alignment (ABA) program [Raphael and Pevzner, 2004].

(Schwartz & Pachter, 2007)
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Next time

• Statistical models for pairwise alignment

• Evolutionary models for sequences 
undergoing insertions and deletions

• Algorithms for Alignment Metric Accuracy
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